Abstract. We investigate Gottlieb maps, which are maps f : E → B that induce the maps between the Gottlieb groups πn(f )| Gn (E) : Gn(E) → Gn(B) for all n, from a rational homotopy theory point of view. We will define the obstruction group O(f ) to be a Gottlieb map and a numerical invariant o(f ). It naturally deduces a relative splitting of E in certain cases. We also illustrate several rational examples of Gottlieb maps and non-Gottlieb maps by using derivation arguments in Sullivan models.
Introduction
The nth Gottlieb group (evaluation subgroup of homotopy group) G n (B) of a path connected CW complex B with basepoint * is the subgroup of the nth homotopy group π n (B) of B consisting of homotopy classes of based maps a : S n → B such that the wedge (a|id B ) : S n ∨ B → B extends to a map F a : S n × B → B [7] . The Gottlieb group is a very interesting homotopy invariant (e.g., see [21] ) but the calculations are difficult even for spheres [4] . It is well known that the Gottlieb group fails to be a functor since, generally, a based map f : E → B does not yield a homomorphism π * (f )| G * (E) : G * (E) → G * (B) for π * (f ) : π * (E) → π * (B). For example, i : E = S 1 ֒→ S 1 ∨ S 1 = B does not induce π 1 (i)| G1(E) : G 1 (E) → G 1 (B) since G 1 (S 1 ) = Z [7, Theorem 5.4] but G 1 (S 1 ∨ S 1 ) = 0 [7, Theorem 3.1] . Recall that a space B is said to be a Gottlieb space (or simply G-space in this paper) if G n (B) = π n (B) for all n. For example, an H-space is a G-space. It is interesting to consider when is a space a G-space [7] , [24] , [12] . In this paper, we will give a similar definition for a map and consider when is a map such a map.
Definition A. If a map f : E → B induces π n (f )G n (E) ⊂ G n (B) for all n, we call it a Gottlieb map (or simply G-map in this paper).
We note some sufficient conditions to be a G-map. If B is a G-space, any map f : E → B is a G-map. So 'G-map' is a natural generalization of 'G-space'. When E = S n , a G-map f is an nth Gottlieb element of B; i.e., [f ] ∈ G n (B). Also the projection S d(n+1)−1 → FP n for d = dim R F is a G-map under a certain condition [5] . Here FP n is the n-projective space over F = R, C, H. If a map f is homotopic to the constant map; i.e., f ≃ * , then it is a G-map. Put X j → E f → B the homotopy fibration where X is the homotopy fiber of f . Note that f is a G-map if the fibration is fibre-homotopically trivial. Also the connecting map ∂ : ΩB → X is a G-map [6] .
The definition of G n (B) is generalized by replacing the identity by an arbitrary based map f : E → B [27] . The nth evaluation subgroup G n (B, E; f ) of the map f is the subgroup of π n (B) for the evaluation map map(E, B; f ) → B. It MSC: 55P62,55R05,55Q70 Keywords: Gottlieb group, Gottlieb space, Gottlieb map, Sullivan minimal model, derivation Definition B. The nth obstruction group of a map f : E → B to be a G-map is given by O n (f ) := Im( π n (f )| Gn(E) ) ⊂ π n (B)/G n (B). Namely,
Roughly speaking, O n (f ) is of "non-Gottlieb" elements in π n (B) yet "Gottlieb" in π n (E). Recall that G 1 (B) is contained in the center of π 1 (B) [7, Corollary 2.4] . We have that O (f ) = 0 if and only if f is a G-map. Note that o(f ) is a numerical rational homotopy invariant of a map with 0
} and it is a measure of the rational non-triviality of the homotopy fibration 
Notice that an element of O(f Q ) is represented by a map from the product of rationalized spheres a : 
We call it the pull-back fibration associated to a. Oprea's homotopical splittings of rational spaces ( [19] , [20] , [10] , [3] ) implies the following result. 
, then the fibre-inclusion g : X Q → F of the pull-back fibration associated to a induces a splitting ψ f,a : E Q ≃ F × K such that
with i 1 (x) = (x, * ) and i 2 (x) = ( * , x) homotopically commute. Moreover, this splitting does not come from that of B Q ; i.e., the maps a i :
Thus, if a map f Q : E Q → B Q is a G-map, then there exists no above splitting ψ f,a of E Q . That is a necessary condition to be a G-map but is not sufficient (see Though Definition A is defined for all connected based CW complexes, we focus on simply connected CW complexes E with rational homology of finite type with dim G(E Q ) < ∞ when we consider rational homotopy types (Sullivan minimal models). We do not distinguish between a map and the homotopy class that it represents. Our tool is the derivations ( [1] , [17] , [18] , [25] ) of Sullivan models [25] , which are prepared in §2. So we assume that the reader is familiar with the basics of rational homotopy theory [2] . We see a property of O(f Q ) in Lemma 2.3 and prove Theorem 1.2 and Theorem 1.3 in §2. We will illustrate some rational examples in §3, in which we note examples of r.G-maps which do not satisfy Lemma 1.1 in Example 3.3. Also we mention interactions with Gottlieb trivialities [18] in Remark 3.4, cyclic maps [26] ( [16] ) in Example 3.6 and W-maps (see Definition C) in Example 3.7.
Derivations of Sullivan models
We use the Sullivan minimal model M (Y ) of a nilpotent space Y of finite type. It is a free Q-commutative differential graded algebra (DGA) (ΛV, d) with a Q-graded vector space V = i≥1 V i where dim V i < ∞ and a decomposable differential; i.e., i|x| xθ(y) for θ ∈ Der i A. We denote ⊕ i>0 Der i A by DerA. The boundary operator δ :
n|x| φ(x)θ(y) and Der(A, B; φ) the vector space of φ-derivations. The boundary operator δ φ :
is the dual of the basis element z) is in G n (A, B; φ) if and only if z * extends to a derivation θ ∈ Der(A, B; φ) with δ φ (θ) = 0. [17] , [25] When E and B are simply connected,
where '≃' means to be quasi-isomorphic [ 
. In this paper, we consider the models of r.G-maps mainly in KS-extensions.
ψ(w 1 ) = x and the others to zero. It is quasi-isomorphic but not isomorphic.
From Theorem 2.1 and Definition B for a map f : E → B, we have 
Proof. Put a model of f • g : X → Y → Z as the commutative diagram
where
., k, which induce the changes of basis:
Thus there is a DGA-isomorphism
The model of the pull-back
is given by the push-out
) and then the model of g : X Q → F is given by the projection p :
We have the DGA-commutative diagrams
and
They are the models of the diagrams in Theorem 1.3.
The converse is given as follows. The odd-spherical generators 
Remark 2.6. (1) Put B the homogeneous space SU (6)/SU (3) × SU (3) (SU (n) is a special unitary group), whose model is given by (Λ(x, y,
, D) with |v| = 3 and Dv = x, we have o(f ) = 0 but there is a splitting ψ f,a : E Q ≃ F × (S 7 × S 9 ) Q for a map of (non-spherical) Gottlieb elements a : (S 7 × S 9 ) Q → B Q and F = S 6 Q . We note (S 7 × S 9 ) Q = K 4 in Theorem 2.7 below. (2) For a map f : E → B, if an element a :
makes odd-spherical generators of B Q , then we see from the second diagram in the proof of Theorem 1.3 that the pull-back fibration X Q → E ′ → K of the homotopy fibration X Q → E Q → B Q by a : K → B Q is fibre-homotopically trivial. Indeed, the model is given by the push-out (Λ(w 1 , .., w k 
For a map f : E → B, suppose that f a : F → B a is the pull-back fibration associated to a map a : ′ ), the symbol (v, h) ∈ Der(ΛV, ΛZ; φ) means the φ-derivation sending an element v ∈ V to h ∈ ΛZ and the other to zero. Especially (v, 1) = v * . The differential is given as
for a basis {u i } of V . If φ = M (f ) or a KS-extension of M (f ), we denote δ φ simply as δ f . We often use the symbol ( * , * ) in the following section. 
In particular, a map whose target is a homogeneous space is an r.G-map.
Example 3.2. We note some rational splittings obtained from non-r.G-maps.
(1) Put an odd spherical fibration
} from Lemma 2.3; i.e., f is not an r.G-map. There is a decomposition 
} from Lemma 2.3; i.e., f is not an r.G-map. There is a decomposition v 2 ) , 0) for the homotopy fibre X and we have
But E Q can not non-trivially decompose; i.e., K ≃ * if E Q ≃ F × K, from the DGA-structure of M (E). Thus the splitting of Theorem 1.3 does not fold for non-spherical generators of B in general. 
Thus there is a decomposition
for f . Also from o(f ′ ) = 0, the above decomposition deduces
and it deduces (E, B) . The quotient map f : G → G/K for a Lie group G and any closed subgroup K is a cyclic map [24] . Also the Hopf map η : S 3 → S 2 is a cyclic map. From [14, Theorem 2.1], the map η induces π n (S 3 ) ∼ = G n (S 2 ) for all n. Therefore, if a space E is 2-connected, then any map f : E → S 2 is a G-map. A Gottlieb map is not a cyclic map in general. For example, the identity map S 2n = → S 2n is not a cyclic map [16, Theorem 3.2] but of course a G-map. In general, a self-equivalence map f : B ≃ → B is a G-map. We note that a cyclic map factors through an H-space, which entails numerous consequences for a cyclic map [16] . But, for our G-map, it seems difficult to search such a useful property.
( 
. From degree arguments we can put M (f )(w) = 0, M (f )(x) = av 1 , M (f )(y) = bv 2 , M (f )(u) = cv 3 for some a, b, c ∈ Q. Note that, if a = 0, b = 0 and c = 0, it is rational homotopy equivalent to the S 1 -fibration 
Example 3.7. Put P n (Y ) the nth center of the homotopy Lie algebra π * (ΩY ); i.e., the subgroup of elements a in π n (Y ) with [a, b] = 0 (Whitehead product) for all
For example, if π * (f ) is surjective, f is a W-map. In spaces, there are the impli-
Here ξ x is constructed as follows ([21, page 11]). Choose a preimagex of x under the evaluation map π n (aut 1 E) → G n (E). From π n+1 (Baut 1 E) ∼ = π n (aut 1 E), we may considerx ∈ π n+1 (Baut 1 E) with representative S n+1 → Baut 1 E. Pull back the universal fibration over this map to get ξ x . On the other hand, for any B-fibration η over S n+1 , G n (B) ∋ ∂ η n+1 (y) = π n (f )(x) from the assumption. Therefore (ii) does not commute.
But to be a G-map is not sufficient for the above extension problem. Let f : E = S 3 × S 5 → S 5 = B be the projection given by f (a, b) = b. Evidently this is a G-map. Suppose that a fibration ξ : E → E ′ → S 3 is given by a classifying map h with π(h) Q : π 3 (S , there is not a map f ′ that satisfies (i) since η is rationally trivial from degree arguments.
Example 3.9. In Example 3.2(1), we see an example of "non-Gottlieb" map whose homotopy fibre X has the rational homotopy type of an odd sphere S 2n+1 . But if the homotopy fibre X has the rational homotopy type of an even sphere S 2n , then a map f is an r.G-map. Indeed, put M (S 2n ) = (Λ(x, y), d) with |x| = 2n, |y| = 4n − 1, dx = 0 and dy = x 2 . We know that Dx = 0 and Dy = x 2 + ax + b for some a, b ∈ ΛW in a KS-extension. Suppose w ∈ W and w * ∈ G(B Q ). Then we have, for any α i ∈ ΛW and β i ∈ ΛW ⊗ Λ + (x, y) with W = Q{w i } i∈I , δ f ((w, 1) + (
in Der |w| (ΛW, ΛV ⊗ ΛW ). It deduces G(B Q , E Q ; f Q ) ⊂ G(B Q ) from Theorem 2.1 and then f is an r.G-map from Lemma 1.1.
Recall that an elliptic space is one whose rational homology and rational homotopy are both finite dimensional and that an elliptic space X is said to be an F 0 -space if the Euler characteristic is positive [2] . When X is an F 0 -space, for some even degree elements x 1 , .., x l , there is an isomorphism H * (X; Q) ∼ = Q[x 1 , · · · , x l ]/(f 1 , · · · , f l ) with a regular sequence (f 1 , · · · , f l ) in Q[x 1 , · · · , x l ]; i.e., gf i ∈ (f 1 , · · · , f i−1 ) implies g ∈ (f 1 , · · · , f i−1 ) for any g ∈ Q[x 1 , · · · , x l ] and all i. For example, S 2n is an F 0 -space with H * (S 2n ; Q) ∼ = Q[x]/(x 2 ). For an F 0 -space X, S.Halperin conjectures that Dx i = 0 for i = 1, .., l, which deduces a fibration with fibre X is totally non-cohomologous to zero [2] . For example, it holds when X is a homogeneous space [23] . If the homotopy fibre X of a map f is an F 0 -space, then is f an r.G-map ?
